Silicon nitride (Si3N4) planar waveguide platform combined with silicon-on-insulator (SOI) devices offer a whole new generation of system-on-chip applications. Therefore, efficient coupling of an Si3N4 waveguide to an SOI waveguide is essential. We present a coupler to interface a 1.8 µm-wide Si3N4 waveguide to a 0.5 µm-wide SOI waveguide based on the focusing property of the Luneburg lens. In order to match the refractive indices of the waveguides with the edges of the lens, one side of the lens is flattened with quasi-conformal transformation optics. The designed coupler is implemented by graded photonic crystals. The three-dimensional numerical simulations indicate that the 1.93 µm-long coupler has an average coupling loss of 0.13 dB in the C-band.
Introduction
A broad class of photonic integrated devices based on the silicon nitride waveguide platform have been introduced due to its transparency over a wide wavelength range and compatibility with complementary metal-oxide-semiconductor (CMOS) foundry processes [1] . The refractive index contrast is lower in Si3N4 waveguides compared to SOI waveguides resulting in lower scattering losses associated with sidewall roughness, and therefore Si3N4 waveguides are more tolerant to fabrication imperfections. The operating range of SOI waveguides is limited by silicon (Si) bandgap (1.1 µm) and mid-infrared absorption of silica (3.7 µm). On the contrary, Si3N4 is transparent in the visible range making it a viable candidate for applications requiring shorter wavelengths [2] . Because of the larger bandgap of Si3N4 compared to Si, the two-photon absorption (TPA) and free-carrier absorption are absent in Si3N4 and, therefore, Si3N4 waveguides can operate at higher power levels [3] . Consequently, the Kerr nonlinearity of the Si3N4 has been exploited to implement frequency comb generation [4] and supercontinuum generation [5] . Different functions such as polarizers [6] , grating couplers [7] , multiple-wavelength oscillator [8] , modulators [9] , arrayed-waveguide gratings [10] , resonators [11] , continuous wave-pumped wavelength converters [12] , and biosensors [13] have also been implemented in Si3N4 platform. On the other hand, SOI platform, due to its high index-contrast and compatibility with CMOS foundry processes, allows us to implement functions which are very difficult to implement in low index-contrast waveguide platforms, such as photonic crystals (PhC), grating couplers, and wavelength size cavities with a smaller footprint [14] . In order to enjoy the complementary features of Si3N4 and SOI platforms, efficient coupler with a small footprint should be designed. However, few reports have studied Si3N4 to SOI couplers. Interlayer couplers have been presented to couple an Si waveguide from one layer to an Si3N4 in another layer in multilayer platforms [15] [16] [17] [18] . Optical couplers have also been designed to couple an Si3N4 waveguide to polymer [19] , chalcogenide [20] , and silicon-on-sapphire [21] waveguides.
Gradient index (GRIN) lenses such as Maxwell's fisheye [22, 23] , Luneburg [24] [25] [26] , and Eaton [27, 28] lenses have been employed to design various integrated photonic components. Luneburg lens focuses the parallel rays incident on its side to a point on the other side of the lens. The focusing property of the Luneburg lens has been utilized to design optical couplers [24] [25] [26] . In this paper, we exploit the focusing ability of the Luneburg lens to design a coupler interfacing an Si3N4 waveguide to an SOI waveguide. Because of the difference between the refractive indices of Si3N4 and Si, they cannot be coupled directly. To overcome this issue, we apply quasi-conformal transformation optics (QCTO) to flatten one side of the lens and, accordingly, increase the refractive index at this side of the lens. A 1.8 µm×0.22 µm (width×thickness) Si3N4 waveguide is coupled to a 0.5 µm×0.22 µm SOI waveguide through the flattened lens. The three-dimensional (3D) simulations reveal that the designed 1.93 µm-long coupler, implemented by graded photonic crystals (GPC), has an average coupling loss of 0.13 dB in the C-band.
Flattened Luneburg coupler
In this section, we design a coupler to interface an Si3N4 waveguide to an SOI waveguide based on the Luneburg lens and transformation optics [29, 30] . Typically, the width of waveguides with moderate refractive contrast such as Si3N4 waveguide is larger. The widths of the Si3N4 waveguides in references [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] are 500-11000 nm. On the other hand, the width of the SOI waveguides is typically about 500 nm. In this paper, we choose the widths of the Si3N4 and SOI waveguides as 3 4 Si N W =1800 nm and WSOI=500 nm, respectively, while the thickness of both waveguides is chosen as H=220 nm. The refractive index profile of the generalized Luneburg lens is described by [ 
where nedge is the refractive index of the lens at its edge, r is the radial distance from the center, Rlens is the radius of the lens, and f determines the position of the focal point. For f =1, the focal point lies on the edge of the lens while for f >1 and f <1 the focal point of the lens is located outside and inside of the lens, respectively. In this study, we use f =1 in our calculations and choose Rlens=1 µm and match the refractive index of the Si3N4 waveguide's core to the edge of the lens (nedge=1.98). However, there is a refractive index mismatch at the interface of the lens's edge and the SOI waveguide. To alleviate this mismatch, we apply QCTO to flatten one side of the lens resulting in an increase in the refractive index at this side of the lens. Flattening of the Luneburg lens have been described in [32] [33] [34] [35] [36] so we do not repeat the procedure in here. As shown in Fig. 1 , QCTO provides a method to transform a virtual domain (circular lens) to a physical domain (flattened lens) with minimum anisotropy. The Dirichlet and Neumann boundaries are shown as green and red boundaries in Fig. 1 . In the virtual domain, Fig. 1(a) , 35    determines these boundaries. In the physical domain, Fig. 1(b 
In order to reduce the footprint of the coupler and avoid the implementation of refractive indices lower than unity at the corners of the transformed lens, we truncate the lens as shown in Fig. 2(a) . The lens is truncated in a shape of a parabolic taper where the widths of its sides correspond to the widths of the Si3N4 and SOI waveguides. The ray-tracing calculations indicate that the truncation of the lens has a limited effect on the performance of the lens as long as the incident rays are within the left and right edges of the lens. GRIN lenses have been implemented by multilayer structures [37] [38] [39] , varying the guiding layer's thickness [40] [41] [42] , and GPC [43, 44] . We implement the truncated lens with a GPC structure as shown in Fig. 2(b) . First, we grid the lens into rectangular cells with side lengths of ax=225 nm and ay=250 nm. Then the average refractive index in each cell is calculated. Since the size of the cell is far smaller than the wavelength of the incident light (1550 nm), the medium can be regarded as a homogeneous medium with an effective refractive index calculated by effective medium theory (EMT) [44, 45] . Based on EMT calculations, an Si rod is placed at the center of a cell in an Si3N4 host. For the transverse electric (TE) mode, where the electric field is normal to the Si rods, the radius of the rod in the ij-th cell is calculated by [44] , , , 
where TE eff  is the effective permittivity of the cell for TE mode, rod  and host  are the permittivities of the rods (Si) and the host (Si3N4), respectively. The radius of the rod corresponding to the effective refractive index of a unit cell is calculated based on Eq. (2). In this calculation, a unit rectangular cell consisting of a silicon rod in the Si3N4 background with ax=225 nm and ay=250 nm is used. The radius of the rod with respect to the effective refractive index of the unit cell is illustrated in Fig. 3 . As it is apparent in Fig. 2(b) , some rods near the edges of the truncated lens are displaced to some extent in order to position them inside the lens. The radius of the smallest rod is 50 nm while the radius of the largest rod is 109 nm. It should be noted that the refractive index of the lens at its flattened edge ranges from 2.9 to 3.45 [ Fig. 2(a) ] while the refractive index of the SOI waveguide's core is 3.45. The numerical simulations indicate that the introduced mismatch has a negligible effect on the performance of the coupler since the average refractive index at the flattened edge is used in the design of the GPC structure. We can reduce the mismatch range at the cost of increasing the radius of the lens and, consequently, increasing the footprint of the designed coupler. The designed coupler, as well as the Si3N4 and SOI waveguides, are illustrated in Fig. 4 . Silica is considered as the lower and upper cladding layers. The length of the flattened lens is about 1.75 µm. However, the effective length of the coupler, L=1.93 µm, is slightly longer than the lens since we filleted the corner of the structure where the SOI waveguide and the lens meet. The radius of the fillet is rfillet=0.5 µm. A possible method for fabricating the proposed coupler is to use the reactive ion etching (RIE) [46] or electron-beam lithography combined with inductively coupled etching [47] to create the desired pattern of silicon rods on the SiO2 substrate. Then silicon nitride can be deposited either by low pressure chemical vapor deposition (LPCVD) [10] or by plasma-enhanced chemical vapor deposition (PECVD) [48] . Fig. 2. a) The transformed lens [ Fig. 1(a) ] is truncated to reduce the footprint of the coupler. The refractive index of the truncated lens is also displayed. b) The truncated lens is implemented by a GPC structure consisting of Si rods in the Si3N4 background. Fig. 3 . Radius of the silicon rod versus the effective refractive index of the unit cell. Fig. 4 . The structure of the designed coupler interfacing an Si3N4 waveguide to an SOI waveguide.
Results and discussion
We employed Comsol Multiphysics ® for QCTO calculations, ray-tracing, and generating the electric field distribution figure. Since the 3D finite-difference time-domain (FDTD) calculations require less memory, Lumerical FDTD ® was utilized to calculate the scattering parameters. In FDTD simulations, the maximum mesh size in the lateral direction was 15 nm while in the vertical direction was 10 nm. The electric field distribution of TE mode light in the coupler at the wavelength of 1550 nm is displayed in Fig. 5 . At this wavelength, the coupling loss of the coupler is about 0.13 dB while the return loss is about 21.5 dB. As illustrated in Fig. 5 , the optical confinement in the Si3N4 waveguide is considerably lower than SOI waveguide, therefore, matching the electric fields of Si3N4 and SOI waveguides is challenging. The focusing property of the Luneburg lens facilitates the conversion from the Si3N4 waveguide mode to the SOI waveguide mode with a compact structure. The scattering parameters of the designed coupler are shown in Fig. 6 . The optical signal is efficiently coupled from the Si3N4 waveguide to the SOI waveguide with an average coupling loss of about 0.13 dB in the C-band. The return loss of the coupler in the C-band is higher than 20 dB. Applying a finer grid in the GPC structure implementation (aGPC<225 nm), slightly improves the coupling efficiency, however, this improvement is negligible. aGPC is the minimum of ax and ay.
On the other hand, as the aGPC increases, the coupling efficiency of the coupler degrades. For instance, for aGPC=290 nm, the maximum coupling loss increases to 0.86 dB in the C-band.
Finally, we compare our coupler with previous studies. The introduced interlayer couplers in the multilayer platforms are typically longer than 20 µm [15] [16] [17] [18] . The measured coupling loss in these interlayer couplers are 0.02-0.6 dB. The length of the adiabatic vertical tapering of the Si3N4 waveguide to the polymeric waveguide is 700 µm while the measured coupling loss is 0.14 dB [19] . A silicon inverse taper with a length of 150 µm couples a silicon-on-sapphire to silicon nitride waveguide [21] . The measured coupling loss at the wavelength of 1.5 µm is 4.8 dB while the simulations indicate that the coupling loss is 0.8 dB at the wavelength of 2 µm. Compared to these studies our proposed coupler, due to the focusing property of the Luneburg lens, is considerably shorter, i.e., 1.93 µm. Moreover, the designed structure has a coupling loss of 0.13 dB which is comparable with previous studies. 
Conclusion
A broad class of devices has been introduced by Si3N4 and SOI platforms. In order to benefit from the advantages of Si3N4 and SOI platforms simultaneously, efficient coupling between the Si3N4 and SOI waveguides is essential. We propose a coupler based on the Luneburg lens flattened by quasi-conformal transformation optics to increase the refractive index of the lens at its flattened edge. Therefore, the refractive index mismatch at the interfaces of the waveguides and the lens is reduced considerably. The designed 1.93 µm-long coupler efficiently couples the 1.8 µm-wide Si3N4 waveguide to the 0.5 µm-wide SOI waveguide. The 3D numerical simulations verify that the presented coupler has the average coupling efficiency of 97% in the C-band.
